The role of boundary effects in the pressure of a magnetized quantum plasma is determined by evaluating the spatial dependence of the mechanical pressure tensor for several simplified model systems, namely for a non-interacting magnetized electron gas in either a slab geometry or in a harmonic confining potential. From the pressure profiles it is shown that the bulk and surface values of the pressure are related in such a way that an earlier result on the difference between the thermodynamic and the mechanical pressure in a magnetized quantum plasma is confirmed.
Introduction
In an earlier paper [1] we established a relation between the thermodynamic pressure and the mechanical pressure in a quantum plasma via a scaling technique. It turned out that the thermodynamic pressure, which is defined as the volume derivative of the free energy, and the mechanical pressure, which is the ensemble average of the microscopic pressure tensor, are no longer equivalent for a quantum plasma in the presence of a magnetic field. In particular, the mechanical pressure is no longer isotropic in a magnetic field. This is in contrast to what one expects for fluid systems in general.
In this paper we shall elucidate this result by an explicit evaluation of the local mechanical pressure tensor for a quantum plasma in a magnetic field. In general, this is too complicated a task. Therefore, one has to look for some simplified model system, in which the essential features of the pressure tensor are still present. Since the anisotropy in the mechanical pressure is solely due to its kinetic part we will consider an ideal electron gas, that is, the electrons do not interact with each other. Even then the task we have set ourselves is a tricky one. The anisotropy in the pressure is related to the total magnetization in the system. As is well known one should be very careful when calculating the magnetization in a confined electron gas [2] - [4] . It should be clear beforehand that boundary effects are important, since an overall magnetization can only exist because of surface currents.
The first system we investigate is the ideal non-degenerate magnetized electron gas in a slab. The slab is confined in a direction orthogonal to the magnetic field. The boundary effects near the surfaces of the slab will be calculated via perturbation theory with respect to the strength of the magnetic field. This calculation is similar to that in [5] and [6] , although the technical details are considerably more involved. In section 3 we will consider the volume-averaged mechanical pressure and show that it is indeed of the form predicted in [1] . Then we will proceed with the partition function of the confined system. From the partition function one can explicitly find the magnetization. Moreover, a knowledge of the partition function is needed in section 5, where we will calculate the profile of the mechanical pressure near the wall in order to obtain more insight in the boundary effects. In this way one can see the effects of surface currents and obtain a better understanding of how the thermodynamic and mechanical pressure can differ.
The second system we look at is the ideal non-degenerate electron gas in a harmonic confining potential. This system was first considered by Darwin [7] and studied later by Papadopoulos [8] and by Felderhof and Raval [9] , among others. The nice feature of this system is that it is exactly solvable. In section 6 it is shown that the volume-averaged pressure again satisfies the predicted relation. Finally, in section 7, we consider the profiles of the mechanical pressure, which are, of course, modified by the harmonic potential.
Ideal non-degenerate magnetized electron gas
We consider an ideal electron gas which is confined in a slab by an infinite wall potential of the form
elsewhere.
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Periodic boundary conditions will be imposed in the -and the -direction. The singleparticle Hamiltonian reads
the mechanical momentum. We take the magnetic field in the -direction. It is convenient to use the Landau gauge
We will consider a gas of non-degenerate electrons, that is, we will use Boltzmann statistics.
The partition function for a single particle is
is the inverse temperature. We will evaluate U through perturbation theory with respect to the magnetic field [6] . The Hamiltonian can be written as a sum of terms of zeroth, first and second order in the following way
In (13) and (14) we already performed the momentum averages. The propagator (or the single-particle density matrix) for a free particle in the slab is
where the sum over P is due to the repeated reflections from the hard walls. From the partition function one can find the thermodynamic pressure w in the usual way by differentiation of the free energy with respect to the volume
In zeroth order the pressure follows the ideal gas law w c
The corrections due to the presence of the magnetic field will be calculated in section 4. The mechanical pressure is defined as the average of the microscopic kinetic pressure tensor. The single-particle pressure tensor at position
. The slice average P is a diagonal tensor. In general, it will depend on the magnetic field. This dependence can stem from three different origins: the partition function, the Boltzmann factor or the microscopic pressure tensor itself. We will start with the @ 
In zeroth order the average over the momenta is easily performed, resulting in
We see that the pressure profile is determined by the propagator; in fact, if we consider In a non-zero magnetic field the slice-averaged pressure changes. This is due to the change in the partition function and due to the second-order terms in the Boltzmann factor. We can write the second-order term as
The evaluation of these terms will be presented in section 5.
Next we consider the )
-component of the slice-averaged pressure tensor. In zeroth order the result is identical to the
Several of the second-order terms are (nearly) the same as (26)-(28), but there are also additional terms due to the fact that 
I
. If we write the second-order contribution in a way analogous to (25), the result is
Again, we will calculate these terms in section 5. Finally, we will consider the ££ -component of the slice-averaged pressure. It is more complicated to evaluate, because both 
where is the slice average of the current density. From (36) it follows that in zeroth order the pressure is independent of £ . Since the pressure in the bulk in zeroth order is isotropic, one has
Note that there is no profile. For non-zero magnetic field, one needs the slice-averaged current in first order. We write
Again, the evaluation of these expressions will be considered in section 5. By integrating (36) one gets
as can be inferred from cylinder symmetry.
In view of the interpretation of the results in sections 3-5 it is useful to consider the density as well. The slice-averaged density is given by
Comparison with (22) yields, after momentum averaging, the simple relation
In particular, the zeroth-order term can be read off from (24):
For non-vanishing magnetic fields the density can be found from (26)-(28).
Bulk value of the mechanical pressure
In this section we will calculate the bulk value of the mechanical pressure. This follows from taking the volume average, or alternatively, from performing the integral over £ (and dividing by ):
The @ -component trivially follows from (22) to be
and is independent of the field. Of course, the density can be found from (42) in the same manner, leading to the trivial statement
From (30)-(33) one then finds, up to second order in the magnetic field
Comparison with (13)-(14) yields
We can write
in terms of ¡ , the average magnetization per unit of volume. The latter directly follows from the partition function by differentiation with respect to the magnetic field
where the last equality is valid up to second order. Hence, by comparison to (50), we can write
-component of the pressure tensor can be found by using cylinder symmetry, so that one has
. Thus the bulk mechanical pressure tensor can be written as
where we used (17). We see that the bulk value of the mechanical pressure tensor in second order of the magnetic field is anisotropic: it consists of an isotropic part which is related to the thermodynamic pressure in zeroth order, and an anisotropic part that is determined by the volume-averaged magnetization. Since the thermodynamic pressure up to second-order is given by the zeroth-order term, as we shall see in section 4, this confirms our earlier (general) result, found by scaling arguments [1] . For an infinite ideal non-degenerate magnetized electron gas similar results have been obtained before in [10] and [11] . More insight can be obtained by considering the pressure profiles near the wall. These will be evaluated in section 5. But first we will calculate the partition function, since it will be needed for the pressure profiles.
The partition function
In this section we will evaluate the partition function for the electron gas in a slab up to second order in the magnetic field. We will present the calculation in some detail, since the same method will be used in the next section for the evaluation of the pressure profiles.
The second-order terms were given in (13)- (14) as integrals over the propagator. The contribution from U " 4 is simple; if the thickness of the slab is much larger than the thermal wavelength, we get
one needs to evaluate
However, in view of (28) . As a result we get
We can use the integrals in the appendix to express (59) in error functions. The result is
Substituting this in (14) and adding the result to (54) yields
Finally, we perform the integration over
we end up with U "
This result agrees with the second-order term in the expression for the partition function of a magnetized electron gas without confining walls [12] , as it should. The method of calculation chosen here enables us to find the finite-size corrections to the partition function as well. Up to terms of first order in 
The finite-size correction in (63) agrees with that of [5] , [13] which was also obtained from perturbation theory for small magnetic field. However, it disagrees with the result in [14] which was found via a different method; even after correcting for an inconsistent calculation, the result of that paper still differs from ours. The result for the partition function allows us to find expressions for the field-dependent terms in the thermodynamic pressure and the magnetization. Since the thermodynamic pressure w is defined as a logarithmic derivative of the partition function, we find that there is no second-order term in w , so that we have
up to second order in the field. Furthermore, we can calculate the average magnetization:
up to first order in the field. As is well-known the response is diamagnetic [12] . Insertion of
up to second order in the field. We see that in the bulk the pressure in the direction of the field is lower than the transverse pressure [10, 11] .
Profiles of the mechanical pressure
In this section we will determine the pressure profile functions near the wall. We start with the @ -component. The second-order terms are given in (26)-(28). The first of these is already known from (62).
For (27) one has to calculate the double integral
The evaluation of this integral goes similar to that of
The expression (28) contains the integral
where one has to insert (59). The integrand then consists of two kinds of terms, containing either exponential functions or products of exponentials with integrals. The contribution from the former type of terms follows from (60) and (70), since the sum of exponentials in (59) is proportional to
. So one is left with the contributions from the integrals in (59). The calculation of these contributions is carried out by first integrating over £ . Subsequently, the formulas in the appendix can be used to evaluate the integral over ¥ . In the end one gets
We can now give the expressions for the profile functions of the )
-and @ -components of the mechanical pressure tensor. Insertion of (15), (60), (62), (70), and (72) into (26)- (28) and (30) (40) with (15) and (60) one gets for the current profile function [6] 
For the sake of completeness we also give the density profile function One should note that the second-order terms of all components of the pressure tensor vanish at the wall. However, away from the wall, in the bulk, the various components have a different behaviour. The
£ B £ -and )
-component have a finite value, but the @ -component vanishes in the bulk. It now becomes clear why the thermodynamic and the volume-averaged mechanical pressure can have a different value. The thermodynamic pressure measures the change in the free energy due to a change in the position of the boundary. Hence, it is determined by the pressure just at the wall. The volume-averaged mechanical pressure, however, is essentially a bulk value. The two pressures can be different when the mechanical pressure drastically changes near the wall; and indeed this is the case, as one can see in the picture. In its turn, such a change in the pressure can occur only, if the forces associated with the pressure drop are compensated properly. In the present case this compensation is furnished by the Lorentz forces, which act on the electric currents that circulate near the wall (see Figure 2 ). Since these currents cause the diamagnetic response of the system, a direct relation between the anisotropy in the mechanical pressure tensor and the magnetization is established. 
Electron gas in a harmonic confinement potential
In the next two sections we will consider a magnetized electron gas in a harmonic confinement potential. The nice thing about this way of confining the system is that it is possible to evaluate its equilibrium properties exactly [7] - [9] .
The harmonic potential is taken to be 
The energy eigenvalues follow by using the standard 'step' operator formalism.
Since we do not have a clear-cut volume to which the system is confined, we cannot define the thermodynamic pressure in the usual way, i.e. through differentiation of the free energy with respect to the volume. The analogon of volume differentiation for the present case is differentiation with respect to the elastic constants, since these provide the scale of the system. Therefore, we define the 'thermodynamic' pressure as 
The microscopic single-particle pressure is defined as in (18). Substitution of the inverse of (81)-(82) gives Only the diagonal components are non-vanishing. The microscopic magnetization density per particle is defined in terms of the microscopic current density per particle 
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These relations are closely analogous to those expressed by (53). Again it is found that in the direction parallel to the field the mechanical and thermodynamic pressure agree, whereas in the directions orthogonal to the field they differ by an amount determined by the magnetization. Once again the result that was established via scaling methods in [1] is recovered. Indeed, one can give an alternative derivation of (95) and (96) All the results derived up to now are found without specifying the way in which the ensemble average is performed. In order to obtain explicit results for the pressure and the magnetization we now assume the system to be non-degenerate, so it may be described by the canonical ensemble with Boltzmann statistics. The single-particle partition function is then [7] 
The thermodynamic pressure can be calculated from (84)-(85) to be
Finally, the magnetization per particle is obtained by differentiation with respect to the magnetic field
If we now take the limit of vanishing potential
Hence, the anisotropy in the mechanical pressure remains present even in the limit
Both the difference between the mechanical pressure components and their relation to the thermodynamic pressure agree completely with (53).
Pressure profiles for the electron gas in a harmonic potential
To obtain the spatial dependence of the mechanical pressure for the electron gas in a harmonic potential the representation in terms of creation and annihilation operators is not useful. Instead, one has to start from the propagator in the presence of the harmonic potential and the magnetic field. The latter has been determined in [8] . It can be written as 
